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Introduction

I N a recent Note, Catalano1 has given an analytical solution
of the Basset-Boussinesq-Oseen (BBO) equation. This solu-

tion was applied to the interesting problem of the discrepancy
between theory and laser velocimetry applications (LDA) mea-
surements in the case of unstationary flows arising especially in
Raleigh-Benard convection or at the onset of turbulence in a
circular Couette flow. This discrepancy is observed mainly for
high frequencies. In the following we would like to comment on
the author's assumptions: Accepting, as Catalano did, the BBO
equation in the form given by Tchen2 (for a thorough discus-
sion of this topic, we refer to Reek's recent paper),5 we do not
agree that the Basset term can be neglected. For example, we
look at the experiments cited by Catalano6'7: Taking into ac-
count the properties of liquid helium, it turns out that Hinze's4

conditions for the neglect of the Basset term are not fulfilled for
marker particles with a diameter less 10 \im. Also, it should be
mentioned that Catalano neglected the mass addition term,
which represents the force to accelerate the virtual mass of the
particle relative to the fluid.

In extending Catalano's analytical investigation, we pre-
sent a solution of the complete BBO equation. We use a
standard method3 for solving the inhomogeneous Volterra-
integral equation of second kind. Our solution accounts for
the Basset term describing the time behavior of the flow in
the neighborhood of the particles. We proceeded in this way
because we believe that, in unstationary flows of the type
considered, near the onset of turbulence, the Bassset term
cannot be neglected. The resultant closed-form solution for
the particle motion should be examined for the case of
Rayleigh-Benard flow as well. The nomenclature we use is
the same as Catalano's. At this opportunity we also want to
make some corrections of Eqs. (2), (3), (6), (7), (15), (17),
(18), (20), and (21) of Ref. 1. Further, we would like to men-
tion that Catalano did not remark that the lift forces [see
Eqs. (4) and (5)] are directed perpendicular to the relative
velocity vector up—uF. So the inclusion of the lift force is
rather questionable in the obviously one-dimensional case
presented.1

Governing Equation
The Lagrangian equation of motion of a spherical particle

suspended in a viscous fluid is the so-called Basset-
Boussinesq-Oseen (BBO) equation. A form following from

Tchen's proposal2 is
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(1)

with the particle acceleration ap = a p ( r ) =dup/dr and the
fluid acceleration aF = a F ( r ) = duF/dr. One of the condi-
tions of its validity is that the marking particle remains in its
own eddy and that Stokes' linear resistance law holds. The
coefficient A{ is the same as in Ref. 1 and should also in-
clude the effect of the lift forces due to particle rotation and
to a velocity gradient.

Defining

T*=AIT,

we get from Eq. (1)

Cl=C/(AlY

ap+[ (ap-aF)(l + ^l
 y

J TO \ ( T ~ T )

(2)

(3)

We subsume all terms concerning the motion of the fluid in
n ( t * ) and get the following inhomogeneous Volterra integral
equation:

ap(r*)+ ap(T')K(T*-T')dr'=n(T*) (4a)
' TO

where the second term of the kernel has Abel-type form

K(r* - r f ) = 1 + Q/(T* - r')1/2 (4b)

It can be shown that the resolvent of the kernel K or Eq. (4)
depends only on the difference T — T'. We call it r ( r * — T ' ) ,
and we can write the solution of Eq. (4) in the form

ap(T*)=n(r*)- T r ( T * - T ' ) « ( T ' ) d r
JTQ

Using the Laplace transformation with

£(ap)=Ap(s) £(r)=R(s)

£(n)=N(s) and £(K)=L(s)

and the inversion equation

(5)

—— 72iri
R(s)exp(sr*)ds

where

R ( s ) = L ( s ) / [ l + L ( s ) ]

and a is a sufficiently large real number.

(6a)

(6b)
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We can easily determine the solution of Eq. (4). We get
for the resolvent:

R(S) = [Q

Applying Jordan's Lemma3 one can show that the integral in
Eq. (6) is equal to the sum of the residuals (Res) of the in-
tegrand. Thus we get

n ( t )

(" l̂- Jj
JTO /=!

n(T')dr' (7)

By the method of decomposition in partial fractions, one can
show that the denominator polynomial is of second degree.
It has the form

(8)

It follows from an order-of-magnitude estimation of the
coefficients that the two roots are conjugated complex. Their
real parts lie in the left half-space of the complex plane:

(8a)

We note that, for large particle-density ratio (a>l) and
negligible lift forces, Q=3/2. (27™)1/2, while for a«l,
Ci =(2/7r)1/2. In the latter case, we get asymptotic stability:

* i . 2 = ± « («b)

One can recognize that, generally, the Basset term in the
BBO equation gives rise to damped oscillations of the parti-
cle. However, with increasing particle rotation velocity and
spatial gradients of the mean flow, velocity Cl rises and the
Basset term leads to unstable modes. This happens also for
absent lift force when 2A{ is less than 81/(a + 0,5)2. Apply-
ing the Laplace-transformation directly to Eq. (3), we get

Up(s)=- (9)

with

£(ap)=Ap(s), £(r)=R(s), £(n)=N(s), £(K)=L(s)

Conclusions
From Eq. (9) the amplitude and phase ratio can be deter-

mined immediately by complex calculations setting s=ju.
The results are presented in Hinze,4 using a Fourier integral
representation of u p ( t ) and uF(t). It can easily be shown
that the determinant of the antimetric transfer matrix of the
amplitudes of particle and fluid motion is equal to the ratio
of the Lagrangian energy-spectrum functions. For short dif-
fusion times, the main contribution to the diffusion coeffi-
cient comes from the high-frequency components of motion.
The smaller the marker-particles, the shorter the particle
relaxation time. This indicates to what extent the particle
follows the high frequency fluctuations of the fluid.

Corrections Concerning Ref. 1
The equations labeled as in Ref. 1 read correctly as

follows:

Eq. (2):
dr

=B
dUF

dr

In Eqs. (3), (6), and (7): the dynamic viscosity \LF in the coef-
ficient D = d2g/fjLF should be substituted by the kinematic
viscosity VF.

Eq. (15): /«/iu

Eq.(17): Upj(r*)=Aj

Eq. (18): -^L

In Eq. (20): sgn( ————) must be subtituted by
\ co/ - B /

sgn

In Eq. (21): the factor by
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Reply by Author to
F. Ebert and S. U. Schoffel

G. D. Catalano*
Louisiana State University, Baton Rouge, Louisiana

T HE author wishes to express his appreciation to Ebert and
Schoffel for their observations of typographical errors in

equations described in a previous article.1 These corrections
certainly enhance the usefulness of the results. In addition, the
author wishes to comment on the assumptions used in the
development.

Consider the Basset-Boussinesq-Oseen equation depicted in
Eq. (1) in the author's article. The form of the equation sug-
gests the consideration of the relative magnitudes of the dif-
ferent terms and a resultant simplification. For the case when
the density of the flow tracing particle is substantially greater
than the density of the fluid, as is commonly the case in laser
velocimetry (LV) applications, it is possible to neglect the ef-
fect of the added mass and to set the added mass coefficient
equal to zero.2 Also, again for the special case of interest to
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